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Abstract.Dynamicallytriangulatedrandomswiacesarestudied.In viewofthecel-
lular automatadescriptionof quantumgravity, thecovariantformulationis achieved
by varyingtheadjaciencymatrix. Computersimulationsarediscussed.

INTRODUCTION

Thetheorydescribedbelowwas supportedby Israel MoisseevitchGelfandfew years
ago,whennobodybelievedin it. Thisprovesonceagainhisextraordinaryintuitionand

his open-mindness,which areamongmanyreasonswhy he contributedsomuchto the
modemmathematicsandphysics. It is alsoworth mentioninghere that thewholeidea

of Monte Carlo simulationsof the functional integral, wasproposedby Gelfandat the
very earlydaysof quantum field theory, andit is our fault that wedid notappreciateit
for sucha longtime.

Theideaof triangulationis asold asgeometry.Reggewasthe first to apply thisidea
to quantumgravity, by only thelengthsof links weretreatedas dynamicalvariablesin

Reggecalculus.Thetriangulationitself, i.e. adjacencymatrix waskept fixed according

to someoptimal,say,regularlattice.

This form of Reggecalculusnevermadethe practicalcomputationalschemenot
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mentioningtheexactsolutionsof quantummodels. Theintegrationoverlinks lengths

involved ambiguities,and createdtremendousproblemsfrom computationalpoint of
view.

Frompurelytheoreticalpointof view theproblemwasto finde thediscreteanalogue

of generalcovarianceof the gravitationtheory. The triangulatedmodel shouldbe for-
mulatedin thegeneralcovariantform to havethechanceto becomethequantumgravity
in continuumlimit.

At it wasrecentlyundestoodby F. David,and V.A. Kazakov,I.K. Kostov & myself,

thecovariantformulation canbe achievedby varying theadjacencymatrix ratherthen
link lengths. Forfinite number N of pointsthereis finite numberof triangulationsof
given topologyand oneshouldsimply sumthem all with equalweights in functional
integral.

This canbe viewedasthe cellularautomatadescriptionof quantumgravity, some-
thing very simpleconceptuallyarid very efficient computationally. Anotherpleasant
featureis thepossibilityto solve 2d modelsexactlyin somespecialcasesandcompare

with continuumfield theory.
This approachwas developedso far only for the simplestcaseof two dimensional

gravity with matteri.e. for thestring theory. The dynamicaldegreesof freedomare

representedby the metric field and the position field ~ which fields are func-

tionsof the point ~ on a sphere S2 with somenumber h of handles.The partition
functionZh( N) of our model is given by the following sumover all triangulations
Th(N) of this sphere

~ llfd~exP(_~Ssj(1i~~j)2)

(1.1) Th(N) i=1 v

~f D
9 E D~exp(_fd2~~g0~a0ia~).

Fixed Area

Here S~,= (1 fornearestneighborsand0 otherwise)is theadjacencymatrix of the
triangulation.

The correspondencebetweenthediscreteand continuumnotionsis asfollows.

labeli = I , . . . N coordinate~~cS
2

permutationsi —~ diffeomorphisms~ —~ xi’

verticesX~ embeddingX(~)

adjacencymatrix S~
1 metric sensor
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~ ~ 2 fd2

deficit angle integralcurvature

fRd2E~.J~

distancebetweentriangulations functionalnorm inmetricspace

>~(se, — s~,)2/2 ft5gnp6g~d2/~

Thelastanalogyis neededtojustify thesummationoverall triangulationsasthedefini-

tion of the functionalintegrationovermetrictensors.Thefollowing heuristicargument
in favorof this definitioncanbegiven. Functionalintegrationovermetrictensorparam-
etrizedby somelocal parameters)~with themeasure

(1.2) D~=iJdet_~.-~ ll~a

correspondingto thescalarproduct

(1.3) = fd2 SUE: ~
canbe realizedasrandomwalk is equidistantsteps

(1.4) g —i —~ —+ . . .with~(g— 91)211 = II(g’ — 911)211 =

Wefoundthesimpleunitstepsfor suchwalk,coveringthewholesetof triangulations
of givenareaandgiventopology. Theseare flipsof links betweentwo adjacenttriangles
from oneto anotherpossiblepositionfor fixed positionsof all four vertices.

flip

(1.5)

Thisjustifiedthe definitionof partitionfunctionas sumovertriangulations

(1.6) ~ —.fDg
T Flips (TR~

5)

butof coursenobodybelievedthis argumentuntil it wassupportedby exactcalculations.
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2. TRIANGULATIONS AS PLANAR CUBIC GRAPHS

The key to all exact solutionsof triangulatedmodelsin the duality transformation.

Thedualgraphis obtainedfrom thetriangulationby connectingthemiddlesof adjacent
triangles.Byconstructionthis is aplanarcubicgraphwithvertices,linesandloopsdual

to triangles,lines andverticesof initial triangulation.
Moreover,thecoordinatesX~of initial verticescanbeinterpretedasmomentacir-

culating in the correspondingloopsof the dual graph. TheGaussianweightsof initial
links canbereinterpretedas Gaussianpropagatorsof dual links:

(2.1) = e~”~’

Universalityof thecritical phenomenasuggeststhat any decreasingpropagatorwith
heavymasswould do as well, i.e.

(2.2) (
3)pianar = 2d Gravity

The planargraphswere thoroughlystudiedduring thelastdecade. The heuristic

analogywith therandomWasobserved15 yearsago ina pioneerpaperby’t Hooft, but

the internalmetricwasnotyetintroducedatthat time. Now, with thenewinterpretation
of theplanargraphsasdynamicaltriangulationsonemay literally apply theplanargraph
theoryto thetheoryof randomsurfaces.

Themostpowerful techniqueis that of theBrezin,Itzykson,Parisiand Zuber. It re-
ducesto thesaddlepoint calculationof the eigenvaluesintegral in the largerankmatrix
representationof theplanargraphs.Still it takessomeeffort to reformulategiventrian-

gulatedmodel asthe largerank limit of somematrix integral. Theknowncaseswill be

brieflydescribedbelow.

3. EXACT SOLUTIONS

• D = 0 (Kazakov,David)
This isjust thecountingof planargraphs:

(3.1) ZN N1.~J.exp(CN) with ~
8~(D= 0) =

This valueof ~ contradictedtheone loopcalculationsof the quantumLiouville

theory, whichstimulatedthesearchoftheexactsolutionofthis theory(seebelow).
• D = —2 (Kazakov,Kostov, A.M.)

(3.2) ‘~i8~(D= 2) = —l and (~‘2) — (~‘)2 In N
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This caserequiredthespecialcombinatorialtechnique,utilizing thespanningtrees

representationof the quadraticform in our model. Namely thepartition function was
reducedto thetotalnumberof spanningtreesof thecubicgraphs,which wascalculated

by simplecombinatorics.Theresultfor the X-variancewasobtainedby moreinvolved
calculationsalsousingthespanningtrees.

• D = 1 (Kazakov& A.M.)

(3.3) ‘y3~(D= 1) = 0(1/in N) and (12) — (1)2 ‘~ (In N)
2

Theplanargraphsin onedimensionweresummedin thefamouspaperof Brezin,
Itzykson,ParisiandZuberbuttheirpropagatorswere (p2 +m2)— ratherthenGaussian.
Still we interpretedtheir solutionin termsof onedimensionalrandomsurfacerelying on

universality.Thesepredictionswere alsoconfirmed by exactsolutionsof the Liouville
theory:

• Ising at D = 0 (Kazakov& Boulatov)
Thiscasereducestothetwo matrixmodelsolvedby Mehta. Theresultsfor thecritical

index ~lst read

(3.4) ‘y
3~(Ising)= —1/3

Exactsolutionof Liouville theorywasrecentlyfoundby Knizhnik, Polyakov,Zamo-

lodchikov. Their resultsforgammaand X -variance are

35 D—l—~/(D—l)(D—25)12

(3.6) (12)_ (1)2 C1 in N + C2N~

Later thePotts and 0(N)c~modelswere solvedby KazakovandKostov. All the

critical indicesagreedwithKPZ solution.This isratherdiscouraging,sincethis solution
doesnotmakesenseat D > I. In caseof r modelthis correspondsto N > 2.

Maybethereare someothermodelswith highercritical dimensionor maybethere

is the new nontrivial phaseat D > I which is not describedby the KPZ solution.
Thelastpossibilityexists,becausethe KPZ solutioninvolvesthe self-consistentansatz,
ratherthenthemostgeneralsolutionfrom the first principles.

4. COMPUTERSIMULATIONS

Theagreementbetweentheplanargraphand theLiouville theoriesjustifiesthe idea

of dynamicaltriangulationsthusopeningthe way to the numericalexperimentswith
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stringtheoryandquantumgravity. ThepreviousexperimentswithReggecalculuswere
unsuccessfulpartly becauseof computationaldifficulties,partly becauseof conceptual
problemswith link integrationmeasure.

ThegeneralalgorithmoftheMonteCarlosimulationsof thedynamicallytriangulated

modelsconsistof threebasicsteps.

i) adding/deletingvertices;
ii) updatingthetriangulationby flips;
iii) updatingpositionsof verticesand/ormatterfields.

Thesimplestwayto addvertexto triangulationisto insertthepoint in themiddleof

triangle.

inset-I
(4.1)

The inverseoperation,however,is not alwayspossible,sincetheremay be no vertex

withonly threeneighborsat thegeneraltriangulation.

Still this algorithmwassuccessfullyusedby Boulatov, Kazakov& myself to grow
the triangulationstarting from tetrahedron.This growing was necessaryto keepaway
from themetastablestates,which tendtoarisein thecold startsimulations(startingfrom

the largeregularlattice.) Our colleagues:F. David & A. Bifloire and A. Krzywichi et
al. in Parisand J. Ambjom et al. in Copenhagenencounteredthe similar problemsof
metastablestatesandappliedthesametreatment.

Themicrocanonicalensemblesimulations(i.e. with fixedlargenumberof points)are

thesimplestof all, as theydo notrequireany fine tuningof parameters.In this caseone

growsthetriangulationthermalizingthe systemateachnumberof pointsandmeasuring
theexpectationvaluesand/orcorrelationfunctionsat somevaluesof numberof points,

sayatpowerof 2.
The grandcanonicalensemblesimulations(i.e. with fixed cosmologicalconstantin-

steadof the fixed numberof points) runs into various problems.First of all, the fine
tuningof the cosmologicalconstantis not enoughto increasethe dominantnumberof

points. Thisis becauseof the decreasingpreexponentialfactor N~~t3in thepartition
function.The planargraphexpansionconvergesevenatthecritical valueof thecosmo-
logical constant.

Onemay overcomethis difficulty by introducingthe lower bound for the number
of points. The smartermethodwasrecentlyproposedby Boulatov & Kazakov, who

expressedtheratio Zh(N) in termsof themicrocanonicalensembleaveragesusing
Zh(N+ I)
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thedetailedbalancerelations.They performedthesimulationsandobservedthat ‘y8~=

0 at h = 0 and D � I within smallstatisticalerrors,whichis so far theonly reliable
measurementabove D = 1.

The moregeneraltransformation,increasingthenumberof points,is the link split-

ting: two linkssharingthevertexaretransformedinto two trianglessharingthelink. The
originalvertexis split into two verticesconnectedby this newlink. Theinverseopera-
tion shrinksthelink to a point, therebyjoining two verticesandreplacingtwo triangles

by two links.

split/join

(4.2)

In principle,onemayconstructanytriangulationsplittingandjoining links. Theflip can

be alsorepresentedassplit followedby joining. However, insertingpointsand making
flips is usuallymoreefficient,sincethechangesin triangulationareminimalin thiscase.
Splitting thevertexwith largenumberof neighborsmay leadto largevariationof the

action,loweringtheaccenptancerateof thealgorithm.

Theupdatingof X -coordinatesis straighforwardin principle,sincetheprobability
distributions is Gaussianbut in practicethis causessometroubles. The simpleheat

bathalgorithm,i.e. updatingtherandomlychosenpoint 1~accordingto its probability
distributionat fixed otherpoints

(4.3) exp

suffersfrom critical slowingdown: it takeslargetime 0(N
2) to updatecoordinatesof

the largelattice.Thereare theaccelerationalgorithmsavailablesuchasoverrelaxation
algorithmoralgebraicmultigridmethod,buttheyarenoteasilyvectorizablefor theCray

typemachines.

All thesecomplicationsled to significant errors in Monte Carlo simulationsper-
formedsofareventatCrayXMPmachines.Theworstarethesystematicerrorscoming
from thefinite numberof points(so far, lessthenonethousand).This is barelyenough

to build thetreewith few cylindricalbranches,sincethe cylindercannotbe madefrom
less then12 trianglesandgluingcylindersat the treetakesaboutthesame.

Therefore,thepresentMonte Carlo simulationscannotadequatelydescribethebran-
chedpolymerphaseof the triangulatedsurface,wheresuchtreesplay thedominantrole.
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Thesignificantimprovement canbeachievedat the ConnectionMachine2 or similar

massivelyparallelmachines.The 64,000processorsof CM2 cansimultaneouslyupdate
thesameamountof verticesand/orlinks. Theparallelcodewas written recentlyby L.

Jacobs,J. Richardson & myselfand is runningpresentlyat CM2 in Boston. The first

resultsat D = 0 agreewith exactsolution.Theresultsat D> I areexpectedto come

in a few months.

The resultsof theprevioussimulationsatthe serialcomputersat D> I indicatethe

scalinglawswith nontrivial critical indicessuchas thefractaldimensionof the random
surface.Theseindicesvarywiththespacedimensionbutwhichis worse,theyalsoseem
to varywith the<<irrelevant>>parametera in front of the R2 termaddedto theaction.

Theremaybetwo explanationsof this. Eitherthereis thenewscalingphase,missed

by theLiouville theory,or,which seemsmore likely to me now, thereis anunphysical
branchedpolymerphasewith largetrees, invisible at small N. In the lattercasethe
scalinglawsarefinite sizeartifacts.Theonly wayto checkthemis to performcomputer

simulationsat muchlargerscale.
Eventhoughtthe new physicalphenomenamay not be discoveredin thesesimula-

tions, they are necessaryto developthe tools to usein the morerealisticmodels. The
simplestgeneralizationwhich donotrequirenewalgorithmsis thedynamictopology.

The handlecanbe madeat the surfaceby adding the link betweenthe points ij

which werenot thenearestneighbors.Or onemaymakethewormholeby identifying
two differenttriangles.

Theproblemis the well known instability of the bosonicstringagainstfoamyphase
transition. The numberof triangulationswithout restrictionat the numberof handles
growsfasterthenexponentialof N, sincethis isjust thenumberof all ~ graphs.

So, theentropyof triangulationcannotbe compensedby energywith anycosmolog-

ical constant,in otherwords,the sumof ~ graphsdivergesatanycoupling constant.
Onemay studythefoamyphasetransitionby Boulatov-Kazakovmethodappliedto the
ratios Zh(N)/Zh+I(N).

5. DISCUSSION

Thedynamicaltriangulationssofardidnothelp to studyrealworld in particletheory
(in fluid dynamics,though,theyarequite usefulfor the interfacesimulation). Neverthe-
less,this is anexciting field andit is quitepromising.

First of all, who knows, maybeour world is discreteafterall! It is certainlyworth
tryingto studydiscretemodelsofquantumgravity from purelytheoreticalpointof view.
Onemayfind amongthesemodelsthenew fundamentaltheoriesof everything.

Secondly,thereformulationof conventionalquantumgravity in completelylogical

ratherthen numericaltermspromisesfantasticefficiencyin simulation. The cellular
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automata are expectedto the many orders of magnitude more powerful computational
devicesthen themoderncomputers.

The representationof the triangulationasthesequenceof flips, andthesimilarrepre-

sentationsforhigherdimensionaltriangulations,providethebasisfor thespecialpurpose
GravityMachine,simulatingzillions of cellssimultaneously.

Thirdly, thenonperturbativephenomenainstringtheory,suchasthespacecompacti-

fication, canbesimulatedby meansoftriangulatedmodels.Therealisticmodelsrequire
thesupersymmetricgeneralizationof thetriangulation,whichisachallengeforthestring

theorists.If thetriangulationis thediscretegraviton,whatis thediscretegravitino?
All theseambitiousgoalsarefaraway,but atleastnowwemay dreamof them.We

may apply all theexperiencegainedwith MonteCarlosimulationsin latticetheoriesto

simulations of dynamical triangulations.Thismayleadto interestingnew discoveries,
which iscertainlythebetteruseof computers,thencalculatingnewdigitsin oldnumbers.

Addedinproofs(Nov. 1989)

During thelasttwo years,someprogresswasmadebothin theoryandcomputersim-

ulations.Themulticritical pointsin randommatrix modelswerestudiedby Kazakov(V.
Kazakov,NBI-HE-89-25, 1989),who madean interestingconjecturethat theydescribe

gravity with matter.
The computersimulationswere performedat d = 0 for 16 thousandtrianglesus-

ing parallelflips at ConnectionMachine(M. Agishtein,L. Jacobs,A.A. Migdal, andJ.
Richardson,to bepublished).Theresultsconfirmearlierestimates,in additionnewin-

terestingphenomena,suchasanomalousdiffusionon randomgraphwereobserved.The
simulationsfor d < 1 are in progress.Thehighergenussurfaceswere enumeratedat

d = —2 by Kostov andMehta,(I. Kostov and M. Mehta,Phys. Lett. 189, 118,(1987)),
afterwhichafew groups(BrezinandKazakov,Shenkerand Douglas,GrossandMidgal,
October1989, to be published)did the samefor d = 0, wheretheexciting nonpertur-

bativephenomenaoccurred. The generalcorrelationfunctionson the sphere,andthe
intriguing relationbetweenQuantumGravitywith matterandhalf integralpowerof the

Shrodregeroperatorwerefound by Grossand myself.
Incidentally,themathematicaltheoryofhalf-integralpowetsoftheShrodregeropera-

torwassobeautifulthat I am notsurprisedthat IsraelMoisseevitchGelfandcontributed

tothis theory. (I. GelfandandL. Dikii, Usp. Matem. Nauk30,5 (1975)).
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